We study the quantum Zeno effect (QZE) and quantum anti-Zeno effect (QAZE) of the multimode quantum Rabi model(MQRM). We derive an analytic expression for the decay rate of the survival probability where cavity modes are initially prepared as thermal equilibrium states. A crossover from QZE to QAZE is observed due to the energy backflow induced by high frequency cavity modes. In addition, we apply a numerically exact method based on the thermofield dynamics(TFD) theory and the matrix product states(MPS) to study the effect of squeezing of the cavity modes on the QZE of the MQRM. The influence of the squeezing angle, squeezing strength and temperature on the decay rate of the survival probability are discussed.
I. INTRODUCTION
Frequent measurements on a quantum system may cause its dynamical evolution slow down or accelerated. This phenomenon, known as the quantum Zeno effect(QZE) or quantum anti-Zeno effect (QAZE) [1] [2] [3] [4] , has been observed in experiments of trapped ion [5] , cavity QED [6] and nuclear spin ensembles [7] . QZE has also been considered as a powerful strategy to implement the quantum control, including quantum communication [8, 9] , quantum information protection [10] , decoherence suppression [11] , purification and cooling [12] .
Recently, the QZE has been observed in the circuit-QED system where a superconducting flux qubit is coupled to a transmission line [13] . Compared to the traditional optical experimental domain, the time scales involved in the circuit-QED system are much larger and can be resolved with ordinary electronics. Moreover, the ultrastrong-coupling strength between the the qubit and the resonator has already been realized in circuit-QED systems [14] , making it possible to observe QZE and QAZE in the strong coupling regime. As one of consequences in this regime, additional modes of the electromagnetic resonator become increasingly relevant [15] . To capture such multiply modes effect, the widely used quantum Rabi model [16] , describing an qubit interacting with a single electromagnetic mode, has to be generalized to its multimode version, known as multimode quantum Rabi model(MQRM) [17, 18] . Recent studies have shown that such higher-lying electromagnetic modes of the resonator has a profound impact on various quantum optical phenomenons in the strong coupling regime [17] [18] [19] [20] [21] . * Electronic address: heshu1987@foxmail.com † Electronic address: wangchenyifang@gmail.com ‡ Electronic address: qhchen@zju.edu.cn Thus, it is an interesting question that what role do multiple modes play in the quantum Zeno dynamics of the MQRM. In addition, previous studies have shown that the squeezing of the resonator mode has a significant influence in the quantum Zeno dynamics of a qubit in the quantum Rabi model [22] . It is natural to raise a question that how does the squeezing of multiple resonator modes affect the QZE and QAZE of the MQRM.
To address the above problems, we exploit a numerical exact method based on the matrix product states and time-dependent variational principle [23] to study the QZE and QAZE of the MQRM. By restricting the evolution in the single excitation subspace under the framework of TFD, we derive an analytical expression for the decay rate of survival probability when multiply modes are initially prepared as a thermal equilibrium states. We observe a crossover between the QZE to the QAZE under repeated projective measurements. By numerically calculating the energy transport between the TLS and multiply modes, we show that this crossover is attributed to the energy back flow from the high frequency modes to the qubit. Moreover, we generalize the initial state of multiple modes to a squeezed thermal state and study effects of squeezing phase angle and amplitude to the QZE of the MQRM. We find that the decay of survival probability is accelerated by non-vanishing squeezing strengthes. Squeezing angles also significantly affect the decay rate. Particularly, high frequency modes in the MQRM cause a positive shift on the critical squeezing angles where the decay rate reaches its extremum. This paper is organized as follows. In Sec II, we briefly introduce the MQRM and the numerical exact method we used to obtain the evolution of the MQRM at finite temperature. In Sec III, we study QZE the MQRM at finite temperature. We discuss the crossover of the survival probability decay rate from QZE to QAZE and its relation to the energy transport between the qubit and multiple cavity modes. Then, we extend the initial state of multiple cavity modes to squeezed thermal states and discuss the effect of the squeezing on the QZE in Sec IV. We close this paper with a short summary in Sec V.
II. MODEL AND METHODOLOGY

A. The multimode quantum Rabi model
In this paper, we focus on the MQRM which describes a qubit or a two-level system(TLS) interacting with multiple quantized photonic modes(e.g., cavity or resonator). The Hamiltonian of MQRM can be written as [18, 24] ( = 1) :
where σ x , σ z are standard pauli operators and a † m ,a m are the creation and annihilation boson operators for the mth mode with the frequency ω m = (m + 1)ω 0 and coupling strength g m = √ m + 1g to the TLS. M is the total number of modes and depends on the specific physical realization. If not mentioned, we set M = 15 throughout this study which is already feasible in the current circuit-QED experiment [17] . Since we are interested in the resonant situation, ∆ = ω 0 is assume in this study.
To study the QZE of the MQRM, we focus on the survival probability of the TLS under successive ideal projective measurements with operator σ z . The initial state is assumed as the product state: the TLS is at the exited state | ↑ and cavity modes are squeezed thermal states:
here Z(β) = Tre −βHB is the partition function. β = 1/(k B T ) where T is the temperature and k B is the Boltzmann constant. S(ξ) is the squeezing operator:
where ξ m = r m e iφm is the squeezing parameter for the mth mode. For simplicity, we assume a uniform squeezing for all M modes, i.e. ξ m = ξ = re iφ .
B. MPS-based numerical method
In the following, we briefly introduce the numerically exact method based on TFD and MPS to simulate the dynamics. We first remove the squeezing operator in the initial state (2) by applying the unitary transform S(ξ) to the Hamiltonian (1):
where A = cosh 2 r + sinh 2 r, B = e iφ cosh r sinh r, K = cosh r + e iφ sinh r. According to the TFD method [25, 26] , the evolution of this transformed Hamiltonian (4) from the initial state of thermalized cavity modes is equivalent to a Schrödinger equation of a modified HamiltonianĤ defined in an enlarged Hilbert space(see Appendix):
The the vacuum initial state is
where b † m , b m are boson operators of the fictitious modes and θ m = arctanh(e −βωm/2 ) . The evolution of the expectation value of an arbitrary operator O that affects in original Hilbert space can be straightforwardly calculated :
Finally, the TFD Schrödinger equation is simulated by MPS-based numerically exact method [23, 27, 28] which has been widely used and proved to be highly efficient in solving quantum many body dynamics [29, 30] .
C. Survival probability and effective decay rate Now we turn to the QZE and QAZE of the MQRM. The QZE [1] can be described by the survival probability P sur (nτ ) which is defined as the probability of finding the initial state after n successive measurements with equal time interval τ . The measurement considered in this paper is assumed to be an ideal projecting measurements of operator σ z followed by a post selection regarding to the positive measurement result.The survival probability can be written as:
where P = | ↑ ↑ | is measurement projecting operator. In the short interval time limit τ → 0, one can further write P sur (t = nτ ) in an exponentially decay form [31, 32] :
where γ(τ ) is an effective decay rate:
Eq. (10) is valid when the measurement interval τ is relatively short where the measurement disturbance to the environment(here is cavity modes) can be neglected thus the state after each projecting measurement collapse to the identical state as Eq. (6) [33] . Therefore, we restrict gτ < 1 in the following discussion. The effective decay rate γ(τ ) is a crucial quantity to characterize the QZE and the QAZE [34, 35] : ∂γ(τ )/∂τ > 0 means that the system is more severely slowed-down by faster repeated measurements, indicating the occurrence of QZE; on the contrary, ∂γ(τ )/∂τ < 0 can be regarded as the characteristic of QAZE since the decay is accelerated by frequent measurements. Compared to the original criterion to classify QZE by using γ(τ )/γ 0 < 0 where γ 0 = γ(τ → ∞) is the natural decay rate [34] , new definitions through ∂γ/∂τ retains the core physical picture of QZE and QAZE without calculating γ 0 that may not exist in some models [33, [36] [37] [38] . Throughout this paper, we use this new criterion to classify QZE and QAZE, the potential crossover point is denoted as τ c , i.e. ∂γ(τ )/∂τ τc = 0 .
III. RESULTS AND DISCUSSION
A. Thermal equilibrium initial state
We first consider the QZE when cavity modes are prepared as the thermal equilibrium state. The survival probability of Hamiltonian (5) with the product initial state (6) can be written as [22] :
where
A commonly used approximation to obtain the decay rate of the survival probability is to keep terms in (11) up to τ 2 , this leads to the decay of P sur (τ ) in a quadratical form: where τ z is known as "Zeno time" [39] . Thus for N repeated projective measurement with equal interval τ , the survival probability can be approximated as an exponential decay:
with the effective decay rate γ 2nd (τ ):
Since Eq. (14) is independent of ∆ and ω m , its validity is limited to the case where the measurement interval τ is much shorter than the typical time scale of each mode , that is τ < 1/ω m . When high frequency modes are included, it severely precludes the availability of γ 2nd (τ ) compared to the Rabi model where only single resonant mode is considered.
Instead, we employ an alternative method based on the thermofield dynamics(TFD) [25, 40] . This method transforms the evolution of a mixed thermalized initial state into another evolution with a pure initial state in an enlarged Hilbert space whose total number of degrees of freedom is double compared to the original one. Recently, this method has received much attention and has been widely used to study finite temperature dynamics of quantum electron-vibrational systems [41] [42] [43] and open quantum systems [44, 45] . Details of TFD can be found in Ref [26, 41] .
By restricting the evolution of the TFD Schrödinger equation to the single expiation subspace, we can obtain an analytic expression for the decay rate of the survival probability(see Appendix):
where sinc(x) ≡ sin(x)/x. Different from the γ 2nd in Eq (14) , γ th shows apparent dependence of frequencies ω k and ∆ and has a leading scaling of g 2 k /(∆ − ω k ) 2 which is similar to the decay rate of the spontaneous emission in the multimode Percell effect due to non-resonant modes [46] .
In Figure( 1), the analytical result γ th (τ ) agree well with numerical exact ones in a large range of parameters including strong coupling and high temperature regimes. Specifically, for zero temperature case ( Figure(1.a) ) the decay rate γ(τ ) for a single mode Rabi model shows a monotonic increasing with the increase of measurement interval τ for both weak(g/ω 0 = 0.01) and strong(g/ω 0 = 0.2) coupling strengthes, clearly demonstrates a pure Zeno effect. However, by including the high-lying photonic modes(M = 15), the decay rate of survival probability presents a nonmonotonic behavior, which increases with τ before ω 0 τ < 0.2 and then decreases, indicating a crossover from QZE to QAZE. Similar transitions can be observed for finite temperature situations, as shown in (Figure(1.b) ). Thus we conclude that these high-frequency cavity modes in the MQRM may induce the QAZE. In the following, we show that such QAZE is attributed to the energy backflow from high-frequency modes to the TLS.
According to Eq.(10), the decay rate γ(τ ) can be related to the population of the TLS in the excited state | ↑ . Since the energy of the TLS is E TLS (t) = ∆ σ z (t) /2 which is proportional to the energy of the TLS:
thus we may understand this crossover from the view of energy transport between multiple mods and the TLS. Since the QAZE is classified by dγ(τ )dτ < 0, this requires:
By considering the assumption that the measurement interval is short (gτ < 1), E TLS (τ ) can be approximately expressed as:
where a 1 > 0 since the TLS is initially prepared in exited state and E TLS is maximized at τ = 0. Inserting Eq. (18) into Eq. (17), we obtain: For arbitrary system, dγ/dτ | τ =0 > 0 which implicates the pure Zeno effet when τ → 0, the occurrence of the QAZE requires a 2 < 0, i.e.
As depicted in Figure(2) .a, the crossover point τ c is close to the pole of the energy transport rate as d 2 E TLS /d 2 τ = 0. As shown in (2), by further calculating the evolution of the energy operator for each mode E m (τ ) = ω m ψ(τ )|a † m a m |ψ(τ ) , we observe an energy backflow from the higher frequency parts of cavity modes to the TLS during the crossover point τ c . It is this energy backflow induced by high frequency modes that leads to d 2 E TLS /d 2 τ > 0 and makes it possible to observe QAZE. On the contrary, the low frequency part of modes always absorbs energy from the TLS during gτ < 1, leading to the pure QAZE in the single mode Rabi model as shown in Figure(1).a. 
B. Squeezed thermal initial states
In this section, we generalize the initial state of the cavity modes to the squeezed thermal states.
From the view of the Hamiltonian (5), effects of the squeezing come from two aspects: 1).The renormalization of mode frequencies and effective coupling strengthes by factors A and K respectively. 2).The nonharmonic terms inĤ B with the factor B.
The effect of 1) can be included in the analytic expression (15) by replacing g to the factor |K| 2 , γ(τ ) depends on the squeezing angle φ. Since |K| 2 = cosh(2r) + cos φ sinh(2r), the critical angle where γ(τ ) takes the extreme value may be φ max = 0 and φ min = π respectively. Same critical angles have been observed on the single-mode rabi model with initial squeezed field [22] and the TLS in a squeezed bath under RWA [47] . However, this is not the case in the current MQRM where effects of both multimodes and non-rotating terms are taken into consideration. Specifically, by increasing the number of modes from M = 1 to M = 15, critical angles θ min and θ max gradually increase with a fixed angle difference θ min − θ max = π as shown in Fig(3.a) . Interestingly, as depicted Fig(3.b) , such critical angles are independent of squeezing strength r and coupling strength g. This independence agrees with results of the TLS in squeezed bath [47] . Surprisingly, the scaling of γ(τ ) ∼ g 2 for thermal equilibrium initial states shown in Eq(15) may still holds for squeezed thermal bath by noting that γ(τ )/g 2 as a function of φ for different coupling strengthes g in Fig(3.b) collapses to the same curve.
The measurement interval τ also affects such critical angles, as shown in Fig(3.c) . Note when τ → 0, the shift of critical angles approaches zero. The crossover from QZE to QAZE can still be observed for the squeezed thermal initial state. In addition, a specific squeezing angle can either highlights or downplay this transition: as shown in Fig(3.c) , during transition point τ c , γ(τ ) are significantly increased for φ = φ max and suppressed for φ = φ min , while with the increase of τ , the difference between γ(τ ) at two critical angles is narrowed. Finally, the effect of temperature on the decay rate for the squeezed thermal initial state is described by θ m in H int where higher temperature leads to larger effective coupling strength and consequently larger decay rate, as shown Fig(4.b) . Moreover, increasing temperature also causes reduction of the shift of critical angles. This is not a surprising result. As explained above, the shift of critical angles are related to the Ba †,2 m + B * a 2 m in H B . However, with the increase of temperature,Ĥ int becomes dominant compared to the nonharmonic term, thus can be neglected in the high-temperature limit and the relation between γ(τ ) and φ are only determined through |K| 2 .
IV. CONCLUSION
In summary, we study the QZE and QAZE of the MQRM where cavity modes are prepared in thermal equilibrium state. We derive an analytic expression of the decay rate of the survival probability which shows a transition from QZE to QAZE. By calculating the evolution of energy flow between the TLS and cavity modes, we show that such QZE-QAZE transition is related to the energy backflow from high frequency modes to the TLS. Furthermore, we generalize the initial state of cavity modes to squeezed thermal states and study effects of squeezing angle and strength by applying a numerically exact method. We find that the decay of survival probability is accelerated by non-vanishing squeezing strengthes. Moreover, squeezing angles also significantly affect the decay rate: compared to θ max = 0 and θ min = π in which decay rates take maximal and minimal values in the single-mode Rabi model, high frequency modes in the MQRM cause a positive shift on these critical squeezing angles. Finally, with the increase of the temperature, the decay of the survival probability is accelerated and the shift of critical squeezing angles are reduced. We briefly introduce the theory of thermofield dynamics in this Appendix.
The time evolution of an arbitrary Hamiltonian H at finite temperature can be described by the Liouville-von Neumann equation( = 1):
where the initial state is assumed to be at thermal equilibrium:
here Z(β) = Tre −βH is the partition function and β = (k B T ) −1 . k B is the Boltzmann constant and T is the temperature.
According to Ref [48] , the time evolution of such density matrix (A1) can be equivalently described by a modified HamiltonianĤ = H −H and corresponding Schrödinger equation defined in an enlarged Hilbert space( = 1):
H represents the fictitious Hamiltonian which can be derived from the original Hamiltonian H [25] . By defining the vector |I :
where |k (|k ) are arbitrary basis vectors of the original(fictitious) space, the density matrix ρ(t) and wave function |ψ(t) have the following relation [49] :
Particularly, the initial state at thermal equilibrium is:
The expectation value for an arbitrary operator A defined in the original Hilbert space {|k } can be calculated by:
Thus the evaluation of A(t) by using the TFD wave function |ψ(t) is equivalent to the that by using the density matrix ρ(t). Now let us turn to the Hamiltonian of the MQRM (1). To describe its evolution from the initial state (2) under the framework of the TFD, we first remove the squeezing operator in the initial state by applying a unitary transform S(ξ) defined in (3) to the Hamiltonian (1):
where A = cosh 2 r + sinh 2 r, B = e iφ cosh r sinh r, K = cosh r + e iφ sinh r , this is the Hamiltonian (4) in the main text.
We can choose the fictitious HamiltonianH as : 
The corresponding initial TFD wave function can be written as:
where |0(β) is often referred to as the thermal vacuum state:
This thermal vacuum state can be further transformed to the ground state(vacuum state) of the modes {a m } and {b m } by applying the so-called Bogoliubov thermal transformation [50] :
where |0 = M−1 m=0 |0 am |0 bm and the transformation operator G is defined as:
Instead of solving the TFD schrödinger equation (A10) with the initial state (A12) , one can apply the inverse Bogoliubov thermal transformation to the Hamiltonian H. By considering the following new relations:
We have:
H θ = e iGĤ e −iG is the final Hamiltonian (5) in the main text:
and corresponding initial state (6):
Appendix B: Derivation of Eq. (15) In this Appendix, we show the detailed derivation to the analytic expression of the decay rate γ th (τ ).
The evolution of the MQRM from a product initial state where resonator modes are at thermal equilibrium is govern by the TFD Schrödinger equation of the Hamiltonian (A18) with r = 0(without squeezing):
To obtain an analytic expression, we further apply an approximation by restricting the evolution in the single excitation(SE) Hilbert space. This can be achieved by writing the wave function at arbitrary time t as:
Thus the Hamiltonian (B1) can be simplified as:
where σ ± = 1 2 (σ x ± iσ y ). Inserting the wave function (B2) into the TFD Schrödinger equation, we have:
applying the following transformation:
we have:
Integrating last two equations in (B6) and substituting into the first one, we have:
The solution of the integro-differential equation above can be obtained iteratively. Since we are limited to the frequent measurement limit where gτ < 1, only the short time behavior ofχ(t) is concerned. This can be obtained by taking first iteration and inserting the initial condition χ(0) = 1: 
Substituting (B8) into the definition of the decay rate of the survival probability (10) , we finally obtain: γ th (τ ) =τ Appendix C: MPS-based numerically exact method
As derived in the previous Appendix, the evolution of the MQRM from a squeezed thermal states can be described by the TFD schrödinger equation of the Hamiltonian (5) with the initial state (6) . To implement MPS-based numerical method, the Hamiltonian is rewritten in a compact form of the following matrix product operator(MPO) [28] : [23] to simulate the evolution. For numerical results throughout this study, the convergence can be achieved by setting the maximal bound dimensions of the MPS D max ≤ 15 and the cutoff boson number for each cavity mode N max ≤ 80. The time step of simulations throughout this paper is set to gδt = 10 −3 .
